To construct dual frames with good structure for a given frame is a fundamental problem in the theory of frames. The tensor product duals of tensor product frames can provide a rank-one decomposition of bounded antilinear operators between two Hilbert spaces. This paper addresses tensor product dual frames. We derive a necessary and sufficient condition for two tensor product Bessel sequences to be a pair of dual frames; obtain explicit expressions of all dual frames and tensor product dual frames of tensor product frames; and demonstrate the existence of non-tensor product dual frames of tensor product frames. Primary 42C15 ; secondary 41A58; 47A80
Introduction
Let H be a separable Hilbert space, and {x i } i∈I be a countable sequence in H. It is called a frame for H if there exist constants 0 < C 1 ≤ C 2 < ∞ such that
where C 1 , C 2 are called frame bounds. It is called a Bessel sequence in H if the right-hand side inequality of (1.1) holds. And it is called a Riesz basis if it is a frame for H, while it ceases to be a frame for H whenever an arbitrary element is removed. Given a frame {x i } i∈I for H, a sequence {y i } i∈I in H is called a dual frame of {x i } i∈I if it is a frame for H such that
It is easy to check that if {y i } i∈I is a dual frame of {x i } i∈I , then {x i } i∈I is also a dual frame of {y i } i∈I . So we say ({x i } i∈I , {y i } i∈I ) is a pair of dual frames in this case. It is well known that ({x i } i∈I , {y i } i∈I ) is a pair of dual frames for H if and only if {x i } i∈I and {y i } i∈I are Bessel sequences in H satisfying (1.2), and that a Bessel sequence (frame, Riesz sequence) is exactly the image of an orthonormal basis for H under a linear bounded operator (bounded surjection, bounded bijection) on H. For basics on frames, see, e.g., [3, 18] . Throughout this paper, we denote by L(H) the set of bounded linear operators on H. We define the operation "♠" as follows. For h 1 , h 2 ∈ H, we define the operator h 1 ♠h 2 on H by (h 1 ♠h 2 )(x) = x, h 2 h 1 for x ∈ H.
(1.
3)
It is well known that an arbitrary rank-one linear operator is always of this form. Herein, we use ♠ instead of ⊗ since ⊗ denotes rank-one antilinear operator throughout this paper. Now we turn to the tensor product of Hilbert spaces. There are several ways of defining the tensor product of Hilbert spaces. Folland in [6] , Kadison and Ringrose in [9] represented the tensor product of Hilbert spaces H 1 and H 2 as a certain linear space of operators. Let H 1 and H 2 be complex separable Hilbert spaces. An operator T from H 2 to H 1 is said to be antilinear if T(αx + βy) = αTx + βTy (1.4) for x, y ∈ H 2 and α, β ∈ C. We consider the set of all bounded antilinear operators from H 2 to H 1 . The norm of an antilinear operator T : H 2 → H 1 is defined as in the linear case:
Tg .
(1.5)
By a standard argument as in [10] , given a bounded antilinear operator T : Recall from [6, Theorem 7.12] , that H 1 ⊗ H 2 is a Hilbert space with the norm | · | and the associated inner product
Obviously, f ⊗ g belongs to H 1 ⊗ H 2 . By Lemma 2.2 below, a bounded antilinear operator T from H 2 to H 1 is rank-one if and only if T = f ⊗ g for some 0 = f ∈ H 1 and 0 = g ∈ H 2 . Also, by [6] , for any f , f ∈ H 1 and g, g ∈ H 2 ,
Moreover, by Proposition 7.14 in [6] , the tensor product of two orthonormal bases for H 1 and H 2 is an orthonormal basis for H 1 ⊗ H 2 . Throughout this paper, we always use {e i } i∈I and {u j } j∈J to denote orthonormal bases for H 1 and H 2 , respectively. We now consider the tensor product of operators. Given T ∈ L(H 1 ) and Q ∈ L(H 2 ), define the tensor product T ⊗ Q of T and Q by
By a standard argument, we have that T ⊗ Q ∈ L(H 1 ⊗ H 2 ). The following proposition is repeated from [6, 7, 12] . In [5, 8] , it is proven that the tensor product of a sequence with itself is a frame if this sequence is a frame. In [10] , it is proven that the tensor product of two frames must be a new frame for the corresponding tensor product space. In 2008, Bourouihiya in [1] and Upender in [17] obtained the following proposition which is generalized to the G-frame setting in [16] . For basics on G-frames, see, e.g., [13] [14] [15] and the references therein. A fundamental problem in the frame theory is to find dual frames with good properties.
(d) If T and Q are invertible operators, then T ⊗ Q is an invertible operator and
A pair of dual frames gives an expansion of the elements in the space which is like atomic decomposition in harmonic analysis. Unfortunately, for a given tensor product frame, little has been known to us except for its canonical dual in [10] . This study aims to investigate dual frames of a general tensor product frame {f i ⊗ g j } (i,j)∈I×J . Particularly, we are interested in dual frames with tensor product structure.
From the viewpoint of operators, [4, Theorem 3] , demonstrates that, on an arbitrary ellipsoidal surface in a separable Hilbert space H, there exists a sequence {x i } i∈I such that some multiple of the identity operator λI H has the following rank-one decomposition:
where I H denotes the identity operator on H. For the case of dim H < ∞, [2] characterizes sequences
for some constant λ and
, where x i = a i for 1 ≤ i ≤ M. For the case of dim H = ∞, [11, Proposition 7] , presents another sufficient condition on {a i } ∞ i=1 satisfying the following identity:
Furthermore, the decomposition of more general operators was studied in [11] . For an arbitrary positive operator B with finite rank, [11, Theorem 2] , characterizes a class of sequences
And for an arbitrary positive non-compact operator B, [11, Theorem 6] , gives a sufficient condition on
In summary, these results focus on decomposing an bounded linear operator on H into a sum of rank-one linear operators. Actually, a pair of tensor product dual frames also gives some rank-one decomposition of operators. Recall that every T ∈ H 1 ⊗ H 2 is a bounded antilinear operator from H 2 to H 1 and that, if
where a i,j = T, f i ⊗ g j . Therefore, the ♠-based decomposition presents a rank-one linear operator decomposition of bounded linear operators on H, while the ⊗-based (1.9) presents a rank-one antilinear operator decomposition of bounded antilinear operators from H 2 to H 1 . The rest of this paper is organized as follows. In Sect. 2, we characterize tensor product dual frames, give an explicit expression of all dual frames of tensor product frames, and prove the existence of non-tensor product dual frames. In Sect. 3, we present an explicit expression of all tensor product dual frames of tensor product frames. Some examples are also provided in Sect. 2 to illustrate the generality of the theory.
Dual characterization
This section is devoted to dual characterizations. We will derive a necessary and sufficient condition for two tensor product Bessel sequences to be a pair of dual frames; obtain an explicit expression of all duals of tensor product frames; and prove the existence of nontensor product duals of tensor product frames. For this purpose, we first introduce some notations.
Let f = {f i } i∈I and g = {g j } j∈J be sequences in H 1 and H 2 , respectively. We write
Suppose that f and g are Bessel sequences in H 1 and H 2 , respectively. We denote by T f , T g , and T f⊗g the synthesis operators corresponding to f, g, and f ⊗ g, that is,
and
And we denote by S f , S g , S f⊗g the frame operators corresponding to f, g, and f ⊗ g, accordingly, i.e.,
In particular, for the finite dimensional case, we also introduce the following notations.
and {u j } n j=1 be orthonormal bases for H 1 and H 2 , respectively. Then each element of H 1 and H 2 can be uniquely represented in terms of
in H 2 , we denote by M f and M g the following m × M and n × N matrices:
The following lemma demonstrates that the synthesis (analysis) operator associated with the tensor product of two Bessel sequences is exactly the tensor product of their respective synthesis (analysis) operators. Lemma 2.1 Let f = {f i } i∈I and g = {g j } j∈J be Bessel sequences in H 1 and H 2 , respectively. Then
Proof Since f and g are Bessel sequences in H 1 and H 2 , respectively, T f and T g are all linear bounded operators. For arbitrary c ∈ l 2 (I) and d ∈ l 2 (J), by Proposition 1.1(b), we see that
Similarly to the case of "♠", the following lemma shows that the tensor products take over all rank-one antilinear operators from H 2 to H 1 .
Lemma 2.2 For T ∈ H
Proof The sufficiency is obvious. Next we prove the necessity. Suppose dim(range(T)) ≤ 1. If dim(range(T)) = 0, then T = 0 ⊗ g for an arbitrary g ∈ H 2 . Next we suppose dim(range(T)) = 1. Take 0 = f ∈ range(T). Then, to every h ∈ H 2 , there corresponds a unique number C h such that
for α 1 , α 2 ∈ C and h 1 , h 2 ∈ H 2 . Also observing that
we see that
This together with (2.6) leads to Λ is a linear bounded functional on H 2 . So there exists unique g ∈ H 2 such that
It follows that
for h ∈ H 2 , and thus T = f ⊗ g.
The following lemma gives an explicit expression of the tensor product of two finitedimensional spaces. It will be used in Example 2.1 below.
Lemma 2.3 Let {e
and {u j } n j=1 be orthonormal bases for H 1 and H 2 , respectively. Then
Proof By a simple computation, we have
, where E i,j denotes the m × n matrix with (i, j)-entry being 1 and others being zero, c(h) denotes the conjugate of c(h). Since {e i ⊗ u j : 1 ≤ i ≤ m, 1 ≤ j ≤ n} is an orthonormal basis for H 1 ⊗ H 2 , observe that
This leads to (2.7) by (2.8). The proof is completed.
Next we turn to the main results of this section. The first theorem gives a necessary and sufficient condition for two tensor product Bessel sequences to form a pair of dual frames. 
Proof Since f and f are Bessel sequences in H 1 and g and g are Bessel sequences in H 2 , by the definition of dual frame, f ⊗ g and f ⊗ g are a pair of dual frames in H 1 ⊗ H 2 if and only if
This is in turn equivalent to
due to the fact that {e i ⊗ u j : (i, j) ∈ I × J} is an orthonormal basis for H 1 ⊗ H 2 . Therefore, to finish the proof, we only need to demonstrate that (2.10) is equivalent to (2.9). Next we do this. By Lemma 2.1 and Proposition 1.1(c), we have that
by Proposition 1.1(b). So (2.10) can be rewritten as due to the fact that {e i } i∈I and {u j } j∈J are orthonormal bases for H 1 and H 2 , respectively. The proof is completed.
Observe that, given Bessel sequences f = {f i } i∈I , f = { f i } i∈I in H 1 and g = {g j } j∈J , g = { g j } j∈J in H 2 , f and f (g and g) form a pair of dual frames in H 1 (H 2 ) if and only if T f T * f
. As a special case of Theorem 2.1, we have the following corollary. It shows that the dual property is preserved under the tensor product operation.
Corollary 2.1 Let f = {f i } i∈I and g = {g j } j∈J be frames for H 1 and H 2 , respectively. Assume that f = { f i } i∈I and g = { g j } j∈J are dual frames of f and g, respectively. Then f ⊗ g is a dual frame of f ⊗ g. Corollary 2.1 and Proposition 1.2 show that a tensor product frame always admits a tensor product dual. It is natural to ask whether all duals of a tensor product frame are of tensor product. The following theorem characterizes all duals of a general tensor product frame. Then using it we derive Theorem 2.3 which shows the existence of non-tensor product duals of tensor product frames.
Theorem 2.2
Let f ⊗ g be a frame for H 1 ⊗ H 2 with f = {f i } i∈I and g = {g j } j∈J . Then the dual frames of f ⊗ g are precisely the families
where
Proof By Proposition 1.2, f and g are frames for H 1 and H 2 , respectively. So S f and S g are well-defined, bounded, and invertible. By Theorem 6.3.7 in [3] , the dual frames are precisely the families of the form 
for (i, j), (i , j ) ∈ I × J by Proposition 1.1(b) and (1.8). Therefore, (2.14) can be written as (2.13). The proof is completed. Lemma 2.2 shows that every element of H 1 ⊗ H 2 is of tensor product whenever one of dim(H 1 ) and dim(H 2 ) equals 1. So a tensor product frame in H 1 ⊗ H 2 admits a non-tensor product dual only if both dim(H 1 ) and dim(H 2 ) are greater than 1. Next, with the help of Theorem 2.2, we will prove that this condition is also sufficient for a redundant tensor product frame to admit a non-tensor product dual.
Theorem 2.3
Let dim(H 1 ), dim(H 2 ) > 1, and f ⊗ g be a redundant frame for H 1 ⊗ H 2 with f = {f i } i∈I and g = {g j } j∈J . Then f ⊗ g admits at least one non-tensor product dual.
Proof By Theorem 2.2 and Lemma 2.2, to finish the proof, we only need to find a Bessel
Since f ⊗ g is not a Riesz basis for H 1 ⊗ H 2 , there exist (i 1 , j 1 ), (i 2 , j 2 ) ∈ I × J such that 
Hence, (2.16) is equivalent to
By a simple argument, we have that (2.17) holds if and only if one of the following three conditions happens:
Next we prove that, whenever one of the above conditions is satisfied, we may construct a Bessel sequence {w i,j } (i,j)∈I×J such that range(T i 1 ,j 1 ) contains two orthogonal nonzero vectors. This leads to (2.15) with (i 1 , j 1 ).
For Condition 1, choose unit vectors u ∈ H 1 and v ∈ H 2 such that This can be done since dim
0 o t h e r w i s e .
Then by a direct computation, we have
It follows from (2.18) that
which are two orthogonal nonzero vectors. For Condition 2, choose unit vectors u 1 , u 2 ∈ H 1 and v 1 , v 2 ∈ H 2 such that
Then
T i 1 ,j 1 = w i 1 ,j 1 .
It follows from (2.19) that
which are two orthogonal unit vectors. For Condition 3, choose unit vectors u ∈ H 1 and v ∈ H 2 such that
Then
It follows from (2.20) that
which are two orthogonal nonzero vectors. The proof is completed.
Next we give an example of Theorem 2.3 in the finite dimensional case. 
. Then, by a simple calculation, for any f ∈ H 1 , g ∈ H 2 , we have that
and 
for (i, j) ∈ {1, 2, . . . , M} × {1, 2, . . . , N} and g ∈ H 2 , where Ω i,j is an m × n matrix for every (i, j) ∈ {1, 2, . . . , M} × {1, 2, . . . , N}. It follows by Theorem 2.2 that all dual frames of f ⊗ g have the form
where Ω i,j is an m × n matrix for each (i, j) ∈ {1, 2, . . . , M} × {1, 2, . . . , N}. Write 
for some (i 1 , j 1 ), (i 2 , j 2 ) ∈ {1, 2, . . . , M} × {1, 2, . . . , N}. According to the arguments in the proof of Theorem 2.3, we divide the following three cases to construct
if (i, j) = (i 1 , j 1 ); 0 o t h e r w i s e .
by a simple computation. This implies that (2.24) holds for (i 1 , j 1 ). Case 2. c(S
This implies that (2.24) holds for (i 1 , j 1 ).
, c(g j 1 ) = 1, and c(S
if (i, j) = (i 2 , j 2 ); 0 o t h e r w i s e .
for i ∈ I and j ∈ J. This implies that (3.7) is equivalent to Remark 3.1 shows that Theorem 3.1 cannot be applied to general tensor product frames in a finite-dimensional setting. The following theorem presents an explicit expression of all tensor product dual frames in the finite-dimensional setting. Then proof is completed.
Conclusions
To construct dual frames with good structure is a fundamental problem in the theory of frames. The tensor product dual frames can provide a rank-one decomposition of bounded antilinear operators between two Hilbert spaces. This paper addresses tensor product dual frames. We characterize tensor product dual frames, give an explicit expression of all dual frames of tensor product frames, and prove the existence of non-tensor product dual frames. We present an explicit expression of all tensor product dual frames of tensor product frames.
